We employ the singular function theory, which is the natural framework within which to discuss the analysis of first kind Fredholm integral equations, to analyze fully the information available from an aerosol aureole scattering experiment. This information is, of course, of two kinds: first, the number of pieces of information available for a given experimental error level and, second, the type (or location) of this information. To appreciate fully the latter, we apply this theory to the inversion of eleven synthetic data sets. These inversions are compared with those obtained previously from an extinction experiment.
Introduction
Aerosol size distributions have traditionally been obtained from the inversion of two types of remote sensing measurement: extinction and scattering. [1] [2] [3] The inversion process, however, has been attempted using a far more bewildering array of procedures. [1] [2] [3] [4] [5] [6] [7] In a recent paper 8 -hereafter referred to as paper 1-we applied the principles of singular function theory 9 -12 to the inversion of extinction measurements. Our concern there was primarily with the information content of the measurements (and how this varies with the experimental conditions and assumptions) and secondarily with using this theory to perform the actual inversions.
In this paper, we apply the same approach to the inversion of aureole scattering measurements. Here one measures the intensity of radiation I(8) at various angles 0 (Ref. 13 ) for a fixed wavelength X. Then, assuming that the aerosol polydispersion consists of Mie particles of varying radius r and fixed (complex) refractive index m,
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where I is the incident (solar) intensity, k = 27r/X, Si and 2 are the Mie theory scattering amplitudes,1 6 6 and n(r) is the aerosol size distribution. 7 "l 8 In writing Eq. (1), we made the standard assumption of single scattering. Corrections to incorporate the effects of multiple scattering have been proposed by a number of workers.1 9 -2 ' Throughout this work, we assume either that such corrections have been applied or that measurements are being made at sufficiently long wavelengths that multiple scattering is negligible. Either way, we assume that Eq. (1) is an adequate description of the physical reality of the problem. Equation (1) is an example of a first kind Fredholm integral equation: I(O)/Ii is the data function, S112 + IS 2 12 is the kernel (it is a function of and r with m and X as parameters), and n(r) is the unknown function we wish to determine. The difficulty of inverting such equations has been discussed in paper 1.
Optical scattering measurements have been used extensively and successfully by colloidal chemists to infer the narrow size distributions of colloidal suspensions (for a review, see Kerker1 6 ). In the remote sensing of atmospheric aerosols, Deirmendjian 2 24 and Dave, 25 who have employed the constrained linear inversion technique of Phillips 2 6 and Twomey 4 , 27 to invert large-angle scattering data, Twitty 2 8 who applied a modified form of Chahine's 2 9 relaxation method of inversion to aureole data, and Deepak et al., 2 0 who applied least-squares fitting of analytic models1 8 to photographic aureole data.1 3 A number of workers, including Shaw, 3 0 have combined both scattering and extinction data. The review paper by Deirmendjian 3 contains an extensive bibliography through 1979.
Among more recent contributions we should mention Thomalla and Quenzel 3 l who use a simple but effective kernel-ratioing technique to determine optimum values for the measurement angles and wavelengths and Bertero et al. 3 2 who apply singular-value decomposition techniques to the Fraunhofer approximation to the forward scattering peak.
Angular Scattering Integral Equation
The angular scattering integral equation with respect to the radius number distribution is given by Eq.
(1). However, since the multimodal nature of the size distribution is important it is more convenient to transform Eq. (1) so that the unknown is the logvolume size distribution. Equation (1) is the log-volume distribution. As in paper 1, it is necessary to restrict the ranges of both r and 0 to be finite, namely, (rl,r 2 ) and (01,02). Again we make a variable transformation to a common range:
where
Using this transformation, Eq. (1) may now be written 
(5b)
The singular system 8 33 of Eq. (4) was computed for the three different cases shown in Table I . Plots of selected normalized kernels are shown in Fig. 1 . Comparison with the extinction kernels ( Fig. 1 of paper 1) shows that the scattering kernels peak at much larger particle radii and hence provide more information about these larger particles but are also far more oscillatory. In the next three sections, we make a detailed study of case 1 with the actual inversions presented in Sec. V. In the following two sections, cases 2 and 3 are investigated and compared with case 1. Finally, the scattering results are compared with the extinction results (paper 1) in Sec. VIII.
Ill. Numerical Calculation of the Singular System
The difficult problem of the numerical calculation of the singular system of Eq. (4) was again carried out using the procedure described in paper 1. The singular functions Ui(x) and eigenvalues Ki were obtained from the eigenvalue analysis of the real symmetric matrix L' defined in Sec. IV of paper 1. The desired accuracy in the elements in the matrix was obtained by subdividing the integration interval -2 < y < 1 into sixteen subintervals, the first nine of 0.25 length, the next two of 0.125 length, and the last five of 0.1 length. In each subinterval the integration was carried out using 201 quadrature steps with the error in the elements of L' estimated to be 0.002%. Fig. 3 . These functions are again smooth and devoid of any ripple structure, as were the extinction Us functions in paper 1. Perhaps the most noticeable difference between the two sets of Us functions is that in the case of scattering they appear somewhat compressed toward the small 0 end. This may well be due to the fact that the 0 axis in Fig. 3 is linear, whereas the X axis in paper 1 is logarithmic.
Because of their shape and smoothness, it was again possible to obtain single polynomial fits to the first few Us functions, with three figure accuracy obtainable with polynomials of degree less than 30. Each polynomial was again plotted to ensure that no oscillations were present between the fitted points. The first four case 1 Vi(y) functions obtained from this procedure are also plotted in Fig. 3 . Not only are these functions far more oscillatory than the Us(x) functions, but they are also distinctly more oscillatory than the corresponding extinction functions. This, of course, is a direct consequence of the more oscillatory scattering kernels.
IV. Information Content of Typical Size Distributions
In this section, we analyze the information content of Eq. (4) using the methods described in the corresponding section of paper 1 for extinction. The same eleven model size distributions were chosen-see Table II and Fig. 4 The data functions g(x) were computed by a quadrature method similar to that described in paper 1. Experimental error was simulated by perturbing g(x) with zero average, normally distributed errors of 2 and 5%. The coefficients gj and their corresponding errors Agi were then computed as in the extinction case.
To obtain an idea of the information content of the forward scattering experiment represented by case 1, the information content parameter y [Eq. (12) At the other extreme, we see that the coarse mode distributions, haze M and LND4, are recoverable for N 2 .3. In the case of the accumulation mode distribu-2 0 UjX )
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A oain tions, we see that hazes H and L are nearly as recoverable, with each requiring four or five pieces of information. LND3, the accumulation mode distribution with the lowest mode radius, is 75% recoverable for N = 2, rising only slightly as N increases. This distribution is thus a good indicator of the lower size limit of recoverability.
As in the case of spectral extinction (paper 1), the behavior of y for the multimodal distributions is determined by the presence of the dominant mode. Thus we see that BMD2 is the most recoverable, in line with the greater recoverability of its coarse mode. BMD1 and TMD, which differ mainly in the undetectable nucleus mode of TMD, are again quite similar in retrievability, at least as characterized by -y.
Our truncation order N was chosen by requiring the relative error in the coefficients gi to be less than one, and the error magnification parameter At [Eq. (15) of paper 1] to be approximately <20%. In Table II we present the relative errors Agilgi for all eleven size distributions and i up to 6. (Relative errors significantly greater than 1 are again omitted.) Both experimental error levels, 2 and 5%, are included. Figure 5 presents the error magnification for the same conditions. From this table and figure we see that a truncation order N of 3 or 4 is to be expected in most cases.
[Note that on certain occasions Agi/gi is large simply because the particular gi is small. In other words, v(y) is almost orthogonal to the particular Vi(y). Consequently, we have not truncated our Picard series at this
Inversion Results
A. Inversions with 2 % Experimental Error
The nuclei mode distributions, LND1 and LND2, both have six accessible coefficients as seen from Table   II . However, this must be reduced by one to keep , < 20%. Figure 4 shows that these five pieces of information are still not sufficient to provide significant information about the distributions. The retrieval for LND2 is shown in Fig. 6 (b): the result for LND is decidedly worse. Figure 6 (a) shows the power law distribution, which is just as irretrievable as in the extinction case. The accumulation mode distributions, LND3 and hazes H and L have four, four, and three accessible coefficients with error magnifications of 13, 14, and 9%, respectively. The retrieval for LND3, the accumulation mode distribution with the smallest mode radius (Fig. 3) . Furthermore, the oscillations in Figs. 6(c) and (d) for r > 1.0 ,m are due to the inability to suppress the effect of the ripple structure of the functions Vi(y) at such low orders of truncation.
The effects of this inherent ripple structure are clearly apparent for the two coarse mode distributions, haze M and LND4, both of which have four pieces of information [Figs. 6(f) and (g)]. At this order of truncation, -y _ 1 for both distributions, and one expects good retrievals for both distributions.
However, even though the modes are clearly evident, the ripple structure of the Vi(y) terms is very pronounced. In the case of the three multimodal distributions, the retrievals of the accumulation and coarse modes are quite recognizable, although the accumulation mode is again moved to slightly higher radii [Figs. 6(h), (i), and (j)]. The nuclei mode (present only in the TMD) is not surprisingly irretrievable [ Fig. 6(j) ].
B. Inversions with 5 % Experimental Error
There is clearly no need to consider further the nuclei mode distributions, LND1 and LND2, or the power law distribution.
For each of the three accumulation mode distributions, the increase in error levels leads to a reduction by one in the truncation order. The retrievals, especially for LND3 and MGDH, are hardly affected [Figs. 6(c) and (d)]. For the large particle distributions, the truncation order is reduced from 4 to 2. Although this leads to some deterioration of the retrievals, they are still quite acceptable [Figs. 6(f) and (g)].
For the multimodal distributions, a similar reduction in truncation order was required leading to a loss of information in the large particle range. As a consequence, the bimodal nature of each distribution (the TMD is effectively a BMD) becomes confused with the excessive ripple structure of the Vi(y) functions.
C. Effect of Error Variability
All the retrievals of Fig. 6 were repeated using the same function g(x) but perturbed by a different set of 2% random errors. The inversions obtained were virtually the same, showing the same main features and the same ripple structure. To obtain a quantitative idea of the variations that should be expected in the retrievals, the error AVN(y) [paper 1, Eq. (13)] was calculated for each distribution. The results, shown in Table III , can be viewed as error bars or uncertainties in the retrieved functions N(y), arising from uncertainties in the measured g(x). [They should not be confused with the differences between the retrieved and actual v(y) functions, which are a result of the actual remote sensing experiment. These differences are far more fundamental and are the major focus of this paper.] The largest errors occur for r 1.0 m, with AVN(Y) 0.04-0.1, in particular for the coarse mode distributions. Variations within this range do not change the nature of the inversions in Fig. 6 . It is perhaps worth noting, however, that the power law distribution also shows considerable variability. This is not too surprising, of course, in view of the inherently poor retrievability of this distribution. In this section, we examine the experiment of case 2 in Table I , where the assumed angular range of the measurement is 1-15°, and compare its results with those of case 1 above.
A. Information Content and Truncation Criteria Figure 2 shows that changing the angular range from 2-20 to 1-15° results in larger (normalized) eigenvalues. These larger eigenvalues are an indication of an overall increase in stability and information content of scattering experiment 2. The corresponding singular functons, U(x) and Vi(y), are plotted in Fig. 7 .
Reducing the upper limit of 0 from 20 to 150 has almost no effect on the position of the peak of the scattering kernel at the lower radius range (Fig. 1) . Therefore, this angular reduction leads to almost no loss of information. However, changing the lower lim- In Fig. 4 , we plot the information content parameter y for both cases 1 and 2 for comparison purposes. We see from this graph that, in general, the scattering experiment of case 2 has slightly less information content than case 1, the main exceptions being PLD, BMD2, and LND4 (at least for N = 1 or 3). It is precisely these last two distributions, which possess the highest mode radii, where we have seen that case 2 singular functions will be more helpful.
In Fig. 5 , we plot the error magnification Au for both cases 1 and 2. The larger case 2 eigenvalues lead to a correspondingly smaller error magnification for all distributions, as expected [see Eqs. (14) and (15) No inversions were performed for LND1 and LND2 for obvious reasons: both experiments are blind to the nuclei mode.
The higher information content for the PLD is worthy of note, because the singular functons Vi(y) peak at larger radii for case 2 (see Figs. 2 and 7) , and so the oscillations attempting to impersonate a straight line span a larger range. On this occasion, the quantitative improvement in y is unable to lead to any qualitative improvement in the actual inversion. Figure 4 shows that for LND3, the accumulation mode distribution with the lowest mode radius, y for case 1 is somewhat larger than for case 2. However, for MGDH and MGDL, the other two accumulation mode distributions, the differences are negligible. The truncation orders for these three distributions are the same for the two cases, although the larger eigenvalues lead to smaller error magnification. This reduced error magnification balances the reduced information content to yield inversions which are quite comparable with those for case 1. In Fig. 8 , we show the case 1 and case 2 inversions for two of these three distributions for a 2% error level. Apart from the large radius ripple, the inversions are almost identical. In the case of the coarse mode distributions, MGDM and LND4, Fig. 4 shows that the information content of the two experiments is essentially the same for most truncation orders. Only LND4, the distribution with the highest mode radius, shows any detectable improvement [ Fig. 8(c) ].
The bimodal distributions show a combination of the effects discussed above for the accumulation and coarse modes. For BMD1 and TMD, the dominant accumulation modes lead to a reduction of the information content for the case 2 experiment. BMD2, however, with a dominant coarse mode shows a higher information content. In all three cases, the greater stability of case 2 leads to one additional piece of information, but only for BMD2 is there noticeable improvement in the retrieval: it mirrors the improvement in LND4.
VIl. Changing the Wavelength
Let us now consider the effect of changing the wavelength of our scattering experiment from X = 0.55 Am (case 1) to X = 0.7 Am (case 3). At this latter wavelength, the effects of multiple scattering are greatly reduced. 19 As seen in Fig. 2 , this change of wavelength has no effect on the eigenvalues. An immediate consequence is that the error magnification is virtually identical for the two experiments. The change in wavelength produces a shift in the kernels toward larger radii (see Fig.  1 ) with a consequent shift in the singular functions
Vi(y).
Comparison of these two experiments will give us an opportunity to see how two experiments which give the same eigenvalue decay rate can nevertheless provide different information content. First, we plotted the information content parameter -y for these two experiments (Fig. 9) . It is clear from this that the case 1 experiment provides more information for the accumulation mode while there is little to choose between the two for the coarse mode. The multimodal distributions are intermediate, being most strongly influenced by whichever mode is dominant.
To see how the different values of y are reflected in the retrievals, we performed inversions for both experiments for the case of 2% experimental error. The PLD, LND1, and LND2 distributions were again discarded for obvious reasons. The relative errors, Agi/gi, for the other eight distributions are listed in Table V . The bimodal distributions are intermediate, being most strongly influenced by the dominant mode. Figure 10(c) shows the inversions for BMD1: the inversion for the TMD is essentially the same. The BMD2 inversion is not shown, as the two cases are again very similar.
Vil. Angular Scattering vs Spectral Extinction
It is interesting to compare the ability of the forward angular scattering and extinction experiments to retrieve the log-volume size distribution. When making this comparison, it is usually the case that the eigenvalues of the corresponding inner product matrices are compared.4, 2 3 , 3 0 , 3 4 , 3 5 The experiment with the largest (normalized) eigenvalues is then considered to contain more information. However, this procedure only determines the amount of information of each experiment relative to their particular set of singular functions. In this section we compare the results of inverting our typical size distributions from an angular scattering experiment (case 1, this paper) with a spectral extinction experiment (case 4, paper 1). These two experiments have the same refractive indices and quite similar eigenvalue decay rates (Fig. 2) . Therefore, the major differences in the retrievals will arise from differences in the singular functions of the two experiments.
A good indication of the information content relative to a set of typical distributions is given by the information content parameter y, which is plotted in Fig. 11 . The accumulation mode distributions, LND3 and hazes H and L, can be better reproduced by the extinction experiment. This is especially true of LND3, which has the lowest mode radius. Inversions For the two course mode distributions, LND4 and haze M, Fig. 11 indicates a substantial increase in the information content provided by the scattering experiment. In spite of the more pronounced ripple structure of the scattering inversions, the retrievals as shown in Figs. 12(c) and (d) are certainly more accurate than the corresponding extinction retrievals. This is especially so in case of LND4, the distribution with the highest mode radius, despite the fact that the extinction experiment has two extra pieces of information.
The inversions of the multimodal distributions sim- These results show that, for the two cases considered here, the extinction experiment reproduces the accumulation mode better than the scattering experiment. However, the scattering experiment reproduces the coarse mode better and is also more successful at reproducing the multimodal nature tions.
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IX. Discussion of Results
The results presented in Fig. 6 show that a scattering experiment of the type considered in this paper should be able to provide considerable information about both the accumulation and coarse modes of the aerosol log-volume size distribution, provided the experimental errors can be kept within the 5% level. The nuclei mode by contrast is totally unobservable. The results in Fig. 6 also show that provided the experimental error can be kept down to the -2% level, the bimodal nature of many such distributions is also clearly resolvable.
A closer examination of Fig. 6 shows that we are effectively blind to particles smaller than -0.25 ,gm or larger than -6.0 gm. These conclusions are supported by Fig. 3 , which shows that the first four Vi(y) functions are close to zero outside these bounds.
Varying the wavelength of the experiment has no effect on the eigenvalue structure and comparatively little effect on the information content. As would be expected, a shift in the measurement wavelength to larger values improves the retrievals for the large particles at the expense of the smaller ones. However, with the exception of those particles (or distributions) in the transition regions (e.g., LND3, BMD1), the effect is minor. Since measurements at longer wavelengths are less contaminated with multiple scattering 19 and hence may be assumed to have a smaller experimental error, this may well prove to be the most sIgnificant consideration.
Changing the angular range of the measurements showed that the largest angles (15-20") contain very little information about the aerosol size distribution.
Comparison of Figs. 4 and 9 shows that in the case of LND3, our most marginal distribution, the loss of information due to the elimination of these large-angle measurements is only one-third of the information loss due to performing measurements at 0.7 rather than 0.55 Aim. Making the lowest measurement at 10 rather than 20, however, does provide some additional information about larger particles (see also Fig. 7 for the size distributions examined in this study this information was of limited value. The larger normalized eigenvalues which resulted from the broader angular range of case 2 (see paper 1) do lead to some increase in stability (Fig. 5) , which is always useful.
The above results and discussion show that a scattering experiment of the type performed or advocated by a large number of workers (Refs. 3, 13, and 20-22) is capable of providing information about aerosol size distributions with the approximate radius range of 0.25-6.0 gm. This range may be shifted proportionately by a shift in the measurement wavelength and extended at the large particle end by the inclusion of additional measurements closer to the sun. Similar conclusions were arrived at some time ago by Twitty 2 8 using an empirical assessment of the shape of the relevant scattering kernels as well as by Thomalla and Quenzel. 31 Comparison of the scattering and extinction experiments leads to a number of significant observations and conclusions. From Fig. 2 we see that there is little to choose between the eigenvalues of the two experiments (except for the case of 1-15° scattering experiment, as would be expected). In fact, this figure clearly suggests that the principal determining factor in the eigenvalue falloff is the ratio of the highest to the lowest measurement, whether that be angle or wavelength (see also Fig. 2 of paper 1 ).
Scattering and extinction are apparently sensitive to somewhat different, although clearly overlapping, radius ranges: 0.25-6.0 and 0.1-2.0 m, respectively. Although this might suggest that the scattering experiment has the larger range, this is probably an unfair assessment of the situation, as in both cases the ratio of largest radius to smallest is -20. It could probably also be argued that the radius range from 0.1 to 0. 2 When the inversions are examined, we see, as expected, that extinction provides more information for the smaller size accumulation mode distributions, while scattering provides more information for the largest distributions. The bimodal structures are certainly reproduced more accurately from the scattering experiment. However, this advantage is partly offset by the more oscillatory scattering inversions. These oscillations are, of course, not the result of any inherent instability but are a direct consequence of the shape of the singular functions Vi(y), which is in turn a consequence of the far more oscillatory shape of the scattering kernels.
At no point in this work have we addressed the question of the underlying physical assumption of spherical particles of constant refractive index. Clearly this is not an adequate description of the atmospheric aerosol. (Indeed an imaginary index of 0.01 does not represent any known substances but is regarded as a suitable average for many continental areas. 3 6 ) As these uncertainties are essentially independent of any uncertainties arising from the remote-sensing/inversion techniques being used, each needs to be examined independently.
X. Final Discussion
The value and importance of performing a singular function analysis on any proposed remote-sensing experiment has been discussed at length in paper 1, and we shall not repeat those general comments here. The one comment which does bear repeating is that it is not sufficient to study merely the eigenvalues, either for the singular system or the covariance matrix. It is equally important, perhaps even more important, to examine the corresponding singular functions Vi(y). In this study we have seen that, although a scattering and an extinction system may have quite similar eigenvalues, their singular functions show a number of important differences, which ought to be considered when planning a remote-sensing experiment to determine the aerosol size distribution.
One additional by-product of a singular function analysis is advice on what measurements to make (see paper 1, Sec. III.C). If we assume that no more than five coefficients will be needed, the zeros of the sixthorder singular function U 6 give us an idea of the necessary measurement angles: 0 2.4, 3.5, 5.5, 9.7, and 16°. These values may be suitably stretched (particularly at the low 0 end) if so desired to obtain some of the advantages of the case 2 experiment. Additional measurements within this range may be of some value in reducing the errors in the coefficients gj, although they are unlikely to provide additional information.
We have seen in this study that neither extinction nor scattering measurements can be said to be superior over the other, but rather that each has advantages and disadvantages. Although neither can provide information on the nuclei mode, between them they provide comprehensive information about both the accumulation and coarse modes. The idea of combining both scattering and extinction measurements in the one experiment has certainly occurred to a number of workers, 3 0 313 7 and our results clearly indicate the greater retrievable radius range that may be attainable from such an experiment. Among the major advantages of such a combined experiment are that the scattering measurements may be made at long wavelengths and small scattering angles, where contamination from multiple scattering is smallest 2 0 and that the extinction measurements may be restricted to those wavelengths for which a silicon detector is satisfactory. Within the constraints imposed by these two considerations, the widest measurement ranges should still be employed to ensure sufficient overlap between their retrievable ranges and provide for maximum stability of the inversions.
It is not possible to perform the sort of singular function analysis employed in this study on such a combined experiment, as it can no longer be described by a single integral equation. Shaw 3 0 employed the constrained linear inversion technique, 26 27 which is always available after we convert the integral equation (or equations) to a set of linear equations. Of course, the selection of the measurement wavelengths and angles is then open. Thomalla and Quenzel 31 used their empirical technique to select their measurement locations followed by an iterative technique 3 8 to perform the inversions. O'Neill and Miller 37 preferred to invert their scattering and extinction data separately using a variation on the constrained linear technique. 3 9 Perhaps the technique closest in spirit to our singular function approach is singular value decomposition, 4 0 although we know of no attempt to apply it to a problem such as this. Kernel expansion techniques 4 34 are probably also suitable.
